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In a previous paper (see [l]) the following theorem was proved. 
THEOREM 1. Let f be a function having an nth derivative in a neighborhood N 
of the point x = a. If f en)(a) = 0 and fen)(x) changes sign at x = a, then 
corresponding to each E > 0 there exists a 8 > 0 such that for each function g 
having an nth derivative in N and satisfying the inequality 1 g(x) - f  (x)1 < 8 
in N, there exists a point b szlch that g(“)(b) = 0 and 1 b - a 1 < E. 
COROLLARY. Let f  be a function with a continuous second derivative in a 
neighborhood N of the point x = a. If f  ‘(a) = 0 and f  “(a) # 0, then given 
any E > 0, there exists a 8 > 0 such that if g is any function with continuous 
derivative and satisfying the inequality 
I&) -f(x)1 < 6 
in N, then there exists a point b such that g’(b) = 0 and 1 b - a 1 < E. 
The following theorem is a generalization of this corollary to the case of a 
function of n variables. 
THEOREM. Let F(x, , x2 ,..., x,J E C2(N), where N is a nezkhborhood of 
a point (a, , a2 ,..., a,) in Rm, and suppose that 
F,,(a, ,..., a,) = 0 (j = 1, 2,..., n) (1) 
while 
F ax1 Fx1x8 *** Fz,xk 
F qel f 0, ::: 1:: ::: f 0 (h = 2,..., n) (2) 
F . . . G=l F 9% 
when evaluated at (a, , a2 ,..., a,J. 
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Then given E > 0, there exists 6 > 0 such that if G(x, ,. . . , x,) is any function 
in C2(N) such that 
G w=l G,,z2 -.. Gr,,, 
. . . . . . . . . 
G qrl # 0 and . . . . . . . . . 
G Q% G,,,, ... Gz,,, 
#O (h = 2,..., n - 1) 
in N and G satis$es the inequality 
I G(x, ,.a., %a) - qx, ,***> %)I < 6 (3) 
in N, there is a point (b, ,..., b,) in N such that G@, ,. .., b,) = 0, where 
I xj - bj I < E (j = l,..., n). 
Proof. We proceed by mathematical induction. The case n = 1 is taken care 
of by the above corollary while the case n = 2 was proved in [l], theorem 3. 
Let us now assume that the theorem is true for the case of n - 1 inde- 
pendent variables and try to prove it for n independent variables. 
In view of (1) and the next but last condition (2), we can apply the implicit 
function theorem to the system 
F&1 9 x-2 ,**., %z) = 0 (h = l,..., n - 1) (4) 
and obtain a solution xlc = q~(x,J (K = l,..., n - 1) with continuous first 
derivatives valid in some closed interval 1 x, - a, ) < 01 about a, with 
a, = cpk(a,) (k = l,..., n - 1). Since the second derivatives of F are continu- 
ous, it follows from condition (2) that there is a neighborhood U C N of 
(al , a2 ,..., a,) in which the determinants in (2) are not zero. Let /3 < 01 be 
chosen so that (am,..., r~,-~(x,J, x,) lies in U when 1 X, - a,fi / < /3. 
Now consider the function 
@(~,a) = JTP&J,..., ~)n-bJ, 4 
defined on the interval 1 x, - a, / < /3. Differentiating @, we obtain, in 
view of (4), 
n-1 
(5) 
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To evaluate P)~(x,), we differentiate Eq. (4) 
n-1 
C F~,,,w'bJ +Fzlrz" = 0 (k = I,..., ?I - 1). 
i=l 
Solving this linear system, we get 
cp,‘(x,) = %, 
where Cni is the cofactor of Fzazj in the last of the determinants of (2), while 
D is the next but last determinant of (2). Substituting this result in (5) gives 
F . . . 
“7 
F 
. . . “7 . 
F . . . %Ph F %% 
Hence, by hypothesis (2), we iind that W(a,J # 0. 
Given E > 0, choose or so that or < E, cl < B and 
when 1 x, - a;, 1 < or . Now, as we have just verified @(x,J satisfies the condi- 
tions of the corollary to Theorem 1. Hence there exists a 6, > 0 such that if 
g(x,) is any continuously differentiable function with 1 g(x,J - @(x,J < 8, 
for 1 x, - a, 1 ,< p, then g’(b,) = 0 for some number b, satisfying 
lb- %I <El' 
Choose ~a < e/2, so that 
I Q,‘, xi,..., S-l , 4 - F(x, , x.2 ,. ., ~-1,xn)l -c W2, 
when I xj’ - xj I < e2 and 1 x, - a, I < /I, where (x1 ,..., x,), (x1’ ,..., xi-r , x,) 
belong to U. Now for I x, - a, I \( /I, we haveFzk(Fr(x,J,..., P&X,& x,) = 0 
(k = l,..., n - 1) and for (x1,..., x,) E U we know that the first n - 1 of the 
determinants in condition (2) are not zero. Thus for each x, in the closed 
interval 1 x, - a, I < /3, F satisfies the induction hypothesis, and it follows 
that there is a 6(x,) such that for each function H(x, ,..., xnW1) with continuous 
second partial derivatives and with 
H va f&s, a.- fhlzt 
. . . . . . . . . . . . #O (k = I,..., n - 2), 
H Q=l HczI3Eg **- hkzt 
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which satisfies the inequality 
625 
(6) 
((XI ,**-, x,) E U), there exists (b, ,..., b,-J such that 
ff,,.b, I-.., L,) = 0 (k - l,..., n - l), 
where j b, - vk(x,JI < Q (k = I,..., n - 1). By the Heine-Bore1 theorem we 
may choose a number 8 independent of x,, and less than a,/2 to replace 6(x,) 
in the inequality (6). Now let G E C2(N) be chosen with 
G 21x1 G,,,, ... G,,, 
. . . . . . . . . ... #O (K - l,..., n - 1) (7) 
G e$l G,,, ... Gz,,, 
in N, so as to satisfy the inequality (3) in N. By replacing H(x, ,..., xn-J by 
G(x, >-9-j x,) in the above results, we have b, = I&(X%) (k = l,..., n - 1) 
such that 
I #k(%> - 93k6%JI < E2 (k = l,..., n - 1) 
and 
~&i&&v LIP), xn> = 0 (k = l,..., n - 1) 63) 
for all x, satisfying 1 x, - a, 1 < p. By (7), it follows that the solution 
xk = ‘bk(Xn> of Gz,(x~ ,-a., x,) = 0 is uniquely defined and continuously 
differentiable. Thus the function 
is continuously differentiable and 
Y’(xn) = GnMxn),.-, L&J, 4. 
Now 
I Wn) - @(x,8 d I %h(x,z),..., h&n>, xn) - W&n),..., h&n), xn)l 
+ I %4(x~),..., v4d%)~ %I 
- WI(%), 42WPV LI(%J9 %>I 
< 6 + 6,/2 < 6, for ( x, - b, 1 < 8. 
Thus Y(x,J satisfies the conditions for a g(x,). Consequently, we can 
conclude that there exists a number b, satisfying 1 b,, - a, I < e1 such that 
?F’(b,,) = 0. But this means that Gz,(#&),..., &&,), b,) = 0. Putting 
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b, = &(bsz) (k = l,..., n - I), we have, by (8), that G,jb, ,..., b,) = 0 
(j = l,..., n), where 1 b, - a, 1 < e1 < E and where 
I h - 4 I = I 54cw - $M%JI 
< I $hw - 4kWI + I 4Icw - 4&8 
which concludes the proof of the theorem. 
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